Searching processes by Ricottilli, Massimo
Issues
: Evolution
A sketch of a co-evolutionary process
A brief excursion into a partly deterministic system
SEARCHING PROCESSES
October 20, 2016
search
Issues
: Evolution
A sketch of a co-evolutionary process
A brief excursion into a partly deterministic system
Complexity
Innovation as problem solving
Innovative activity can be viewed as a process of searching for
the improvement of existing processes of production.
As such, it can also be seen as an attempt at problem-solving.
Consider, however, that such an activity is an exploration into
the unknown or the not-yet-known.
Development by being led by technological progress is, indeed,
a leap into the unknown.
Firms and countries that wish to grow must learn how to
search for innovations and cannot rely simply on transfer of
technologies.
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Issues
The question to ask is: can the searching process be
understood according to its main features and characteristics?
The main issue is how to frame, from an analytical point of
view, the implied eﬀorts meant to improve, innovate or, less
likely, to invent and discover.
In order to assess the problems involved in this issue, it is of
the utmost importance to understand the underlying
probabilistic characteristics of searching.
It is paramount to make some necessary assumptions to take
into account well established facts.
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Assumptions and facts
The ﬁrst reasonable assumption that it is expedient to make is
that the space of searching is limited since rationality is
bounded. This straightforward observation follows from the
following facts:
1. Human computing capabilities are limited even if assisted
by machines; seeking a solution is marked more by satisﬁcing
than by an overall attempt to reach an optimum equilibrium;
2. If an equilibrium exists it is not necessarily unique;
3. Since the world is complex, untangling the implied
intricacies calls for routinised behaviour, namely following
standard procedures based on experience.
4. The number of variables that make up a problem are
numerous and cannot be taken in consideration simultaneously.
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The problem
What we wish to do is to assess the complexity of searching
and eventually ﬁnding.
Bearing in mind the above outlined stylized facts, let a
problem be set out by looking at its essential parts.
Let it be supposed that what is at stake is the improvement of
a technique, say a more or less complicated machine.
Consider the following procedure: break up the problem by
enumerating its parts
1,2,3, ..........i , ........N
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Coding characteristics
The above is a problem of cardinality N. It is reasonable to
stipulate that each of these numbered parts feature an
observable characteristic.
Let such a characteristic be designated by a Greek letter, for
instance α and such that if it applies to part or element i , its
description be αi .
This procedure deﬁnes a code. The recorded situation is
therefore encoded as:
1 2 . . . i . . . N
α1 α2 . . . αi . . . αN
It may be supposed that this is a fair description of the extant
situation
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Attainable characteristics
Let it be supposed, in an abstract sense, that each part may
potentially take several characteristics, e.g. for part i , the
attainable ones be: α i ,β i ,γi .......ω i
This assumption deﬁnes a space of characteristics, unknown
but searchable, that we simply record as:
1 2 3 . . i . . N
α1 α2 α3 . . αi . . αN
β1 β2 β3 . . βi . . βN
γ1 γ2 γ3 . . γi . . γN
. . . . . . . . .
. . . . . . . . .
ω1 ω2 ω3 . . ωi . . ωN
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Cardinality
It is expedient to give some cardinality to this space of
characteristics. Let it be supposed that each i counts Ai , ∀i
possible alternatives.
The entire space generates a set of conﬁgurations of such
characteristics the cardinality of which is:
TN =∏Ni=1Ai
Suppose that one is an a position to evaluate the eﬃciency of
each characteristic: can one choose the best combination or
conﬁguration?
A simple answer would: it depends on the order of the problem
cardinality
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An example
Make life easy and simplify: in case Ai = Aj , ∀i , j , it is
TN = A
N .
Consider the following example: two problems, the second
having a number of parts that is ten times bigger than the
ﬁrst, e.g.N1 = 10 and N2 = 100. Further, suppose that
Ai = Aj = 2, ∀i,j.
The ﬁrst problem cardinality: TN1 = 2
10 = 1024
The second problem cardinality:
TN2 = 2
100 = 1267650600228229401496703205376
A ten times increase in size implies an explosion in terms of
possible conﬁgurations.
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The real problem
The problem is in the fact that in order to choose a
conﬁguration one would have to learn and assess the eﬃciency
of each.
Now, consider that if, in order to be exhaustive, each
conﬁguration requires .1 of a second, the ﬁrst problem would
require about 1.8 minutes.
The second problem instead
4019693684133147518698,3232032471years, i.e.
approximately 402 billions of billions of years.
It follows that as far as the ﬁrst problem is concerned the
space can easily be searched to seek out an optimal solution,
while in the second case such an exhaustive search would
obviously be outside mankind's possibility.
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Localised searching
Given this fact, searching is necessarily limited to a more or
less small neighbourhood of alternatives.
Furthermore, the size of such neighbourhood depends on the
speciﬁc rule according to which such a search is carried out.
It is therefore necessary to set out a rule that duly takes into
account bounded rationality and satisﬁcing
What follows is a simpliﬁed general rule according to which a
search to discover improvement unfolds.
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The rule 1
Given an extant conﬁguration, say ω1β2,α3........γN , search by
attempting to change one characteristic at a time (local
search, bounded rationality);
Choose the ﬁrst 'better' conﬁguration and discard worse ones,
given a performance function that associates each
conﬁguration with a performance level, e.g. productivity or
proﬁtability (satisﬁcing).
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The rule 2
Each speciﬁc characteristic (e.g.γ i ) contributes a performance
level to the whole conﬁguration: assume an additive rule (take
the average). It is important to note that this contribution is
not known to the searcher before it is actually discovered.
Since searching is random, choose a number from the unit
distribution and independently value each characteristic in
each conﬁguration in the space of conﬁgurations. It is worth
repeating that this valuation is made by the experimenter and
it is unknown to the searcher.
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A simple example
Simplify so that each element may take two characteristics:
(0,1), a binary code, hence A= 2.
The cardinality is N = 3, hence the space is TN = 2
3 = 8.
Each conﬁguration has N(A−1) = 3 neighbours; including the
conﬁguration itself a neighbourhood has a cardinality of
N(A−1)+1= 4
For instance, conﬁguration 000 has the following
neighbours:100,010,001 and the neighbourhood is made up by
(000,100,010,001).
Keep in mind that orders of magnitude are considerable: for
N = 100 and A= 10, the neighbourhood population would
equal 1001.
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The map of performance levels
0 0 0 .2 .8 .3 1.3
0 1 0 .2 .5 .3 1.0
0 0 1 .2 .8 .4 1.4
1 0 0 .7 .8 .3 1.8
1 0 1 .7 .8 .4 1.9
0 1 1 .2 .5 .4 1.1
1 1 0 .7 .5 .3 1.5
1 1 1 .7 .5 .4 1.6
The ﬁrst three columns are the conﬁgurations, the second
three columns are their respective performance contributions,
the last column is the overall contribution of each
conﬁguration.
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The optimum conﬁguration
There clearly is an optimum: it is (101)→ 1.9.
The question is: starting from any given conﬁguration can this
optimum be reached by searching according to the stated rule?
Suppose that the starting point is (000).
The answer is yes, no matter which is the starting point and
the trajectory!!
The key to this result is the independence principle: each
characteristic is valued independently.
If one characteristic is discovered through searching to have a
higher value it is clearly retained until a better one is
discovered.
Hence, searching will gradually and eventually discover the
optimal conﬁguration.
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The cube
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Interdependent elements
It will be assumed that some interdependence does exist.
Changing one element's characteristic by discovery has an
impact on other elements' characteristics: the eﬃciency
contribution of the latter changes.
The assumption can be made that the choice of an element
characteristic changes randomly the contributions of the
characteristics of other elements with which interdependence
exists.
The search rule remains unchanged..
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A new example
Consider the following example: elements 1 and 3 are
interdependent.
0 0 0 .1 .3 .5 .9
0 1 0 .1 .5 .5 1.1
0 0 1 .1 .3 .1 .5
1 0 0 .2 .3 .2 .7
1 0 1 .7 .3 .8 1.8
0 1 1 .1 .5 .1 .7
1 1 0 .2 .5 .2 .9
1 1 1 .7 .5 .8 2.0
The same notations apply.
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Lock-in
The optimum is (111)→ 2.0:
Can it be reached from any starting point and no matter which
is the trajectory that is taken?
The answer is no!
Suppose one starts from (000) moving to a better neighbour is
a move to (010) . Then the optimum cannot be reached: it is
a suboptimal lock-in.
Suppose that the starting point is (001) if the move is, by
chance, to (011) the optimum can be attained but if the move
is towards (000) whose performance is 0.9 an apparently
better move,improvement can only lead to (010): this is a
suboptimal lock-in.
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The cube 2
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The order of interdependence
There are, in general, for any number N and any Ai many
equilibria of which only one is the optimum.
The cardinality of equilibrium points depends on the order of
interdependence. Designate this order by the letter K .
if K = 0, there is complete interdependence, if K = 1, there is
only a couple of elements which are interdependent; K = 2,the
interdependent elements are three, etc. If K = N−1, all the N
elements are interdependent.
The latter case is possibly the most likely in economics and
technology
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Full interdependence
Consider the latter case, full interdependence, and let us ask
the following question: what is the probability that by random
searching a conﬁguration be reached having the highest value
within its own neighbourhood?
The answer is: there is one chance out of the total number of
neighbours (neighbouring conﬁgurations):
1
N(Ai −1)+1 =
1
N(A−1)+1
in the simpler case of Ai = Aj∀i , j .
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Relative maxima
Since there are AN conﬁgurations in the space of possibilities,
the expected number of relative maxima is
PN =
1
N(A−1)+1A
N
As an example consider the case of A= 2 (with a 0,1 code)
and N = 10:
PN =
1
11
210 =
1024
11
≈93
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Lower orders of interdependence
It is clear that with lower orders of interdependence this
number decreases.
To estimate the number of maxima in the latter cases,
consider the following: if by changing the characteristic of one
element which has no impact on others a higher value is
obtained, the search is allowed to continue.
It is only if change occurs by moving an interdependent
element that there is some probability of lock-in.
If the order is K and since (K +1)(Ai −1)+1 is the number of
neighbouring conﬁgurations that are likely to cause a lock-in,
then the probability of running into a relative maximum is:
1
(K +1)(Ai −1)+1
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Consider, now, that ∏K+1i=1 Ai = A
K+1, in the simpler case of
equal A , are the number of conﬁgurations that are likely to be
involved in a lock-in.
Then, the expected number of relative maxima is,
approximately,
PK =
AK+1
(K +1)(A−1)+1
For instance, in the previous example but with K = 2:
PK =
2³
3+1) = 2 .
It its straightforward to see that dPK
dK
> 0.
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The lock-in probability
If a lock-in into a maximum occurs, the probability that this is
also the absolute one is (if Ai = A ∀i ) , in the case of
complete interdependence:
1
PN
=
N(A−1)+1
AN
and , in the case of an order K of interdependence:
1
PK
=
(K +1)(A−1)+1
AK+1
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A paradox
The performance level of each characteristic has been
randomly drawn from the unit distribution. The two tables are
additive: they show the sum of each characteristic to compute
the overall conﬁguration contribution. A more realistic way is
to take the arithmetic average.
Hence, overall performance levels are random variables taken
from the unit distribution.
In the case of complete interdependence (K = N−1), if N is
very large, the process of searching amounts to sampling a
very large number of conﬁgurations, i.e.. a large number of
draws from the unit distribution.
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The limiting constraint
For N→ ∞, limN→∞PN → ∞, in this case, there is likely to be a
multitude of relative maxima.
Thus, for N → ∞, and limN→∞PN → ∞ , by the central limit
theorem, the average discovered performance on relative
maxima is about the average, namely .5.
If this is the case, searching loses most of its meaning since
performance cannot reach up further than mediocrity.
Excessive interdependence is a limiting factor: ' too much
interdependence ' hampers the quality and scope of the
searching process.
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Co-evolution
We have discussed a case of an evolutionary searching process
over a landscape of possibilities.
This may have been the case of a ﬁrm or even a whole country.
Most evolutions, especially those of interest for economists,
take place in the context of several ﬁrms or, in fact countries.
These are joint searching processes that are normally
interdependent: each inﬂuencing in some measure all others.
Firms, organisations, technologies, species and individuals
co-evolve. Searching for improvement is a search on a speciﬁc
landscape but depends on others' searches: interdependence
is, most of the times, the rule.
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The above statements imply that landscapes are linked: i.e the
space of possibilities of each has a dependence link with that
of others.
Consider two structures (problems)
for instance, [1121,31...i1.........N1] is the sequence of elements
of structure 1 and [12,2232, ....i2.......N2] is that of structure 2 .
Some of the elements within each are linked according to a
given order of interdependence, say K1 and K2, but at the
same time they may be linked across the two structures,
e.g.31with i2 or any other coupling or any other more or less
extensive multi-linkage pattern.
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Some properties
An order of landscape interdependence can be established
designated by C , this being the number of elements of each
structure-problem linked to those of another.
It is immediate that this example can be extended any number
of structure-problems.
The performance level that is reached by each of 1 and 2 is
perturbed by the other's search.
Assume, as above , that when some change occurs in a
C -element, the ones that are so linked also change by drawing
a value from the unit distribution.
The level that is attained by one is modiﬁed by the changes
occurring in the linked element.
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The implications
By implication, if it is supposed that one search gets locked-in
on a relative maximum, it may be shocked away from it from
the 'partner' structure's own search process.
Thus, full equilibrium occurs only when all structures are
simultaneously in equilibrium.
Assume, as in the above example, two structures co-evolving
on linked landscapes.
The main question is: what is the probability that both 1and 2
be in equilibrium under the simplifying assumptions of K1 = K2
and N1 = N2.
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Simultaneous equilibrium
The approximate probability that both 1 and 2 be in
equilibrium under these simplifying assumptions is:
E1,2 = [
1
(K +1)(A−1)+1
AK+1
AN
]²
and in the simpler case:
E1,2 = (
1
N(A−1)+1)²
If there are n coevolving structure, then the power is n .
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Oscillations
It is immediate to see that the probability of an equilibrium is
lower, the higher is the number of linkages.
A-fortiori, the lower, the higher is the number of co-evolvers.
Performance oscillations are likely to be the norm with scarcely
any equilibrium ever being reached.
The next slide will illustrate propositions that have been
validated through simulations but can be grasped through the
above measure of probability.
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Properties of co-evolving systems
The average expected performance level of these systems while
oscillating is lower than if in equilibrium.
The higher is C the higher is the probability that the
structures remain oscillating.
A fortiori, the above property holds if the number of
co-evolving structures increases.
The higher is K the higher is the probability of an equilibrium.
The lower is C the higher the probability
search
Issues
: Evolution
A sketch of a co-evolutionary process
A brief excursion into a partly deterministic system
Direct implications
The expected performance level is higher the higher is K
C
,
It is lower the higher is K
N
There is a trade oﬀ between K and C .
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The notion of functional relationship
It is reasonable to assume that the elements into which the
problem can be broken into be linked according to a known
functional relationship.
In the same sense the single parts of a whole system are
deterministically related.
This means introducing a deterministic principle of
interdependence rather than letting the valuation procedure be
set entirely randomly.
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A simple function
In a very general sense, it may be posited that the traits
(elements) of a given conﬁguration i be related to the
valuation of every other trait according to a function such that:
Vij = Fij(Vi1,Vi2, ....ViN)
for j = 1,2....N and for i = 1,2, ......AN (the case in
whichAj = Ai = A).
Overall performance can then be rendered by a simple
non-linear expression of the following kind:
Vi =minj(Vij)
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An example
These functions can take more or less complex forms but, for
simplicity's sake, assume the following in vector and matrix
notations:
V i = AiV i
where Ai = (aikj), a
i
kj are coeﬃcients establishing the
interdependence linkages. It is a clearly homogeneous system.
Randomness remains in the searching for improving
alternatives.
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Discovery and solutions
Assume that the searching process has settled on some
conﬁguration i∗ in the space of conﬁgurations.
The process is still bounded within a neighbourhood of given
dimension: the basic assumptions remain.
Suppose now that a new trait characteristic be discovered: this
is a random event and such that the new trait value may be
treated as a random variable: Vi∗∗h.
i∗∗designates the new conﬁguration. What is then discovered
is a new trait having value Vi∗∗h.
Thus, this new magnitude can be taken as the known term in
the above speciﬁed system. The system is no longer
homogeneous and Vi∗∗ can be solved accordingly.
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